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Unsteady solutions for the aerodynamic coefficients of a thin airfoil in compressible sub- or supersonic flows were

studied. The lift, the pitch moment, and the pressure coefficients were obtained numerically for the following

motions: the indicial response (unit step function) of the profile, that is, a sudden change in the angle of attack; a thin

profile penetrating into a sharp edge gust (for several gust velocity ratios); a thin profile penetrating into a one-minus-

cosine gust, that is, a typical gust used in commercial aircraft design; the oscillating airfoil; and the interaction of the

profile with a convected (from convection phenomenon) vortex passing under the profile, a phenomenon known in

the literature as blade vortex interaction or, for a profile case, airfoil–vortex interaction. The present work uses a

numerical approachbased on vortex singularity. The numericalmodel was created through the profile discretization

in uniform segments, and the compressibleflowvortex singularitywas used.The results available in the literature are

based on approximated exponential equations or computed via computational fluid dynamics. Thus, the purpose of

this method is to obtain results as accurate as those from approximated equations and significantly faster than those

done via computational fluid dynamics.

Nomenclature

a = sound speed, m=s
cp = dimensionless pressure coefficient
M = dimensionless Mach number
t = time, s
U = uniform velocity, m=s
w = induced velocity, m=s
� = angle of attack, rad
� = vorticity, m2=s
�cp = dimensionless pressure coefficient jump
� = velocity potential, m2=s
�� = velocity potential jump, m2=s

Subscripts

0 = initial instant

I. Introduction

I T IS well known that linearized compressible aerodynamics and
linearized acoustic equations can be derived from each other.

Therefore, if a Galilean transformation is performed between two
reference systems, one fixed to the airfoil and the other fixed to the
still air at infinity, the elementary classical wave equation solutions,
from acoustics, and the solutions of the convectedwave equation can
be obtained from the same transformation.

Extensive studies on elementary solutions for both wave and
convectedwave equationsmay be found in the literature [1–3]. In the
past decade, the generalized vortex lattice method was developed for
the unsteady motion for subsonic flows [4], initially, and later for
supersonic [5] and transonic flows [6]. In all previous works, the
profile motion (heaving or pitching) was restricted to the harmonic
motion; thus, the calculation was done on the frequency domain.

If aerodynamic forces and moments on a thin profile are to be
obtained for a given unsteadymotion, there are three possibleways to
solve the problem [7]. According to Bisplinghoff et al. [2], the first
one is to use a superpositionmethod (Fourier’s integral) of the results
obtained for harmonic motions. However, such a methodology is not
adequate for sudden movements, which can happen during maneu-
vers of high-performance airplanes, sharp gusts, or fast deflections of
command surfaces, such as the ailerons. In these cases, the number of
terms in the series needed to describe forces andmoment coefficients
can become prohibitively large due to the slow convergence behavior
of the solution describing the studiedmotion. The second approach is
to superimpose indicial aerodynamic responses by means of the
superposition principle embodied in Duhamel’s integral [2]. In this
case, the specified boundary conditions are satisfied in both the space
and time domains. The third way consists of searching for the
solution to the wave equation [7–9] or to the convected wave equa-
tion that fits the boundary conditions prescribed for the givenmotion
[10]. It is this last procedure that will be used in this work.

The method used here was developed by Soviero and Hernandes
[11] and considers the classical equation of the nonstationary
aerodynamics (the convectedwave equation). Thismethod is thefirst
methodology to use a simple numerical scheme to obtain forces and
loads for an arbitrarymotion of a profile in the unsteady compressible
domain; to validate the method, a step change of the angle of attack
(an indicial motion) was calculated. Here, the authors used the same
method adapted to the boundary conditions used, including other
relevant unsteady motions.

Themethod used is a simple and efficient numerical method based
on point vortices. The main limitation of the procedure used is that
the mathematical modeling corresponds to the two-dimensional
potential linearized equations. The basis of the numerical procedure
relies on the direct relationship between vortices and normal dipole
panels with constant strength distribution.

In this work, the lift and pressure coefficients are obtained
numerically for the following motions: 1) the indicial response (unit
step function) of the profile, that is, a sudden change in the angle of
attack; 2) a thin profile penetrating into a sharp edge gust (for several
gust velocity ratios); 3) a thin profile penetrating into a one-minus-
cosine gust, that is, a typical gust used in commercial aircraft design;
4) the oscillating airfoil; and 5) the interaction of the profile with a
convected (from convection phenomenon) vortex passing under the
profile, a phenomenon known in the literature as blade vortex
interaction (BVI) or, for a profile case, airfoil–vortex interaction
(AVI); such predictions are relevant mainly for helicopter projects,
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for which the calculation of these loads is very important to
determine the aeroelastic response and rotor aeroacoustics.

II. Compressible Vortex Lattice Method

The basic partial differential equation satisfied by the velocity
potential in a three-dimensional fluid flow is derived from the
Eulerian momentum equations, the continuity condition, and the
relation for the speed of pressure propagation. These relations are all
given analytically in Sears [12]. In a reference frame that translates
steadily with uniform velocity, the perturbation velocity potential
due to an arbitrary small-amplitude motion of a thin airfoil and wake
is governed by the following linear convected wave equation:

’xx�1 �M2� � ’yy � ’0zz � 2M=a’xt � 1=a2’tt � 0 (1)

where the Mach number,M, is defined as the ratio of U and a.
The expression for the static pressure at anypoint in theflowfield is

conveniently related to the freestream static and dynamic pressures as
to form a dimensionless coefficient, cp. Setting cp � �p � p1�=
�1=2�U2� and imposing conditions consistent with the hypothesis of
the small perturbation theory, it can be shown from Euler’s equations
that, provided the perturbation velocity components are of the same
order of magnitude, the relation for the pressure coefficient is

cp ���2=U2��’t �U’x� (2)

Mirels and Haefeli [13] presented a method for calculating the
velocity induced by vortex segments of any configuration for steady
flow. Initially, an equation for compressible steady vortices in three-
dimensional flow was performed. Then, a transformation based on
the analogy between two-dimensional unsteady flow with three-
dimensional steady flow [12] was done. Finally, another transfor-
mation was performed for the reference system fixed to the body in a
moving environment.

The result is the following equation for induced velocity of a
vortex element in a compressive environmentwith velocityU and the
system fixed to the body:

w� K
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(3)

where Xi � x � xi, Yi � y � yi, Zi � z � zi, and Ti � t � ti.
Equation (3) presents two solutions of Eq. (1). The first one

(m��U) corresponds to a point vortex of constant strength �,
generated impulsively in a uniform flow that remains fixed at certain
position, that is, a bound vortex. The second solution (m� 0) is a free
vortex that is convected by the flow with uniform velocity U.

Figure 1 shows the induced velocities by the vortices in a steady
environment and the transformations for the unsteady compressible
flow in a rest environment and the system fixed to the body.

The proposed model is based on two well-known concepts of
aerodynamic theory: 1) impulsive generation of vortices in a perfect
fluid, and 2) the relation between a pair of contrarotating vortices and
the velocity potential jump that occurs over the line that joins them.

The profile is divided into a convenient number of panels, n. The
control points, at which the velocity potential jump �� is applied, are
placed in the center of each panel and identified by the index j (which
varies between 1 and n, 1 � j � n). The time instants are identified
by the index k, where k is worth 1 for the initial instant, t0 � 0, until
the final time at which k� N (i.e., 1 � k � N). The variable dt
corresponds to the passing time between interactions.

From the initial movement of the profile, an impulsive movement
is generated over each panel, creating a potential jump ��. In the
following instant, these perturbation potentials n are substituted by
pairs of contrarotating vortices.

This sequence of events can be understood by referring to Fig. 2.
The time t� 0 (k� 1) corresponds to an initial condition, for which
the piston theory [2] is applied for the boundary condition over the

profile with normal velocity of intensity Un and the posterior
substitution of potential jumps �� by pairs of contrarotating vortices.
For a posterior time (t� dt, k� 2), the trailing-edge vortexmoves at
velocity U (by model imposition) and new potential jumps are
calculated, now considering not only the normal velocityUn but also
the induced velocities by the vortices generated at instant t� 0�. For
the other instants (up to the limit k� N), to calculate the induced
velocities in each panel, every emitted vortice up to the instant before
the considered instant must be considered. A sum of the bounded
vortices is performed on the left edge of each panel.

The sequence of events for supersonic flow is analogous to that for
subsonic flow, differing only because there is no emission of vortices
created impulsively by the trailing edge, as all vortices are connected
to the profile. The contrarotative vortices originating from the
velocity perturbation potential jumps for the supersonic flow are all
connected to the profile because the Kutta condition does not need to
be respected in this regime. For the subsonic flow, the trailing-edge
vortex of the profile (of intensity��k1 situated at the right extremity of
the panel j� 1) is, by model imposition, free to automatically create
a wake and satisfy the Kelvin’s theorem.

It is possible to visualize the same time domain considering the
time as an axis. This scheme permits a clearer understanding of its
similarity with the vortex lattice method. This scheme is showed in
Fig. 3.

Initially, an explicit model was studied in which the perturbation
potential jumps were calculated as a direct function of the normal
velocity over the panel at a given instant. And a boundary condition
was established over the panel, that is, exactly over the control point
of each panel. This concept proved to be inadequate because the
convergence method depended directly on the time step used. More
precisely, when a control point of a given panel was influenced by the
vortex generated (at the left extreme of the panel) by the same panel at
the preceding instant, the result presented oscillations and diver-
gences in some cases. This divergence originated from the oscilla-
tions present in the curve of the pressure coefficient jump over the
profile. The same oscillatory characteristic was observed by
Hernandes and Soviero [14] and Long and Watts [9].

Because of these limitations, it was decided not to use an explicit
model. The model was chosen to establish the boundary condition
halfway through the considered instant and the instant immediately
following it. Once again, the choice was based on the analogy
between the 2-D unsteady regime and the 3-D steady regime, in
which the point where the boundary condition is applied in the
centroid of the panel is usually defined.

Therefore, the model becomes implicit because the considered
control point is influenced by its own panel for the considered instant
and its solution implies the solution of a linear system. Taking a
coefficientmatrix �A� andmultiplying it by the potential jumpsmatrix
����k for the considered instant k, the result is the boundary condition
matrix �W�k (normal velocity over the panels):

�A�����k � �W�k (4)

The matrix �A� is associated with the influence of the vortices
generated at a given instant k and its influence at that instant. The
elements of themain diagonal and the part related to the impulsion of
the panel must also be summed, given by 1=2adt.

For the subsonic flow, the velocity matrix �W�k is a function of the
normal velocity to the profile due to movement (U�) summed to the
velocities induced by the emitted vortices at the instants before the
considered instant. For themethod towork properly in the supersonic
regime, it is essential to consider the main element of the method: the
vortex singularity. In the subsonic regime, it is possible to calculate
the velocity induced by the vortex in any point of the area affected by
it. Therefore, it is necessary to define the contribution of singularity
to the velocity field. This concept is explored by Miranda et al. [15].
The part related to the induced velocity due to singularity is deduced
from the induced velocity in the steady regime. Equations (5) and (6)
show the resulting systems for the sub- and supersonic regimes,
respectively:
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From the solution of the system (matrix ����k), the aerodynamic
coefficient can be calculated.

III. Studied Motions

For incompressible flow, the indicial lift of a profile subjected to a
sudden change in the angle of attack (step function) was obtained by
Wagner [16]. The corresponding solution for the sharp edge gust in

incompressible flow was obtained by Küssner [17]. Bisplinghoff
et al. [2] present a synthesis of these results. In the study of
aerodynamic loads in helicopter rotors, in situations in which the
hypothesis of incompressibility can be applied, the Wagner and
Küssner functions are used together with the Duhammel integral
(Bisplinghoff et al. [2]), in which solutions for arbitrary motions in
incompressible flow can be obtained through indicial functions
(Wagner or Küssner). The study of gusts with variable propagation
speed, for which intermediate solutions for the results of Wagner
and Küssner were obtained, was developed by Miles [18] and
Drischler and Diederich [19]; both studies make use of the Wagner
function approaches to obtain their results. A numerical method to
solve any incompressible flow motion was developed by Soviero
and Lavagna [20].

The compressible flow may be divided into sub- and supersonic
categories. For supersonic flow, the literature shows analytical
solutions for the problems of a sudden change in angle of attack
(Lomax et al. [21]) and a sharp edge gust (Heaslet and Lomax [22]).
Bisplinghoff et al. [2] presented a summary of these results. In
supersonic flow, studies of gusts with variable propagation velocity
or of AVI (and BVI) were not observed. Althoughmost of the studies
concerning the application of gust and AVI (and BVI) were
conducted with regard to the development of helicopter rotors, for
which supersonic flow is not employed in the usual way, there is an
application for these studies in the development of supersonic
aircraft. Therefore, the supersonic flow considered in the present
work is unknown in the literature.

The first studies in subsonic flow were developed by Lomax et al.
[21], who obtained analytical solutions for pressure distribution, lift

Fig. 1 System equivalence.
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and pitch-up moments, and the step function; in an analogous way,
Heaslet and Lomax [22] studied solutions for the sharp edge gust.
However, the analytical results were only found for brief instants of
time after the beginning of the motion, as the rest of this motion was
completed by approximated functions, normally exponential func-
tions. A numerical model for arbitrary compressible motions, based
on the linearized acceleration potential, was developed by Long and
Watts [9]. Numerical solutions of the Navier–Stokes equations were
proposed by Shaw and Qin [23]. There are many studies that use an
indicial function approach to obtain other motions, normally making
use of superposition (see Beddoes [24] and Leishman [25]).
Leishman [26], using reverse flow theorems, obtained results for
gusts with variable propagation speed. Sitaraman and Baeder [27]
obtained results for the AVI problem using computational fluid
dynamics (CFD) and the superposition of indicial functions. The
results of both studies were compared with our study. The gusts and
AVI studies for profiles in subsonic flow have a direct application to
the development of helicopters rotors.

Until the 1950s, the criteria for load calculation due to the presence
of airplane gusts (or profiles) was based on the sharp edge gust
model, that is, the aircraft suddenly suffers a vertical speed increase
with definite intensity.With the development of airplaneswith bigger
dimensions and increased speed, the need to consider a dynamic-
structural response was evident. A more proper discrete gust profile
(that represents the existing atmospheric gusts) was defined for rigid

body and dynamic structural analyses. The profile was defined as
one-minus-cosine, and it is the profile studied here. Noback [28],
Pratt and Walker [29], Flomenhoft [30], and Fuller [31] are good
references concerning the historical evolution of gust profiles used in
airplane projects.

The present study also studies the harmonic movement of lateral
translation, that is, a rigid narrow profile submitted, without angle of
attack variation, to a harmonic movement. Only the real part of the
aerodynamic coefficients was calculated. Studies are being perfor-
med to complete the results with the imaginary part, because most
methods of frequency domain and the results available in the
literature calculate both parts: real and imaginary. The classical
studies of Theodorsen [32] and Bisplinghoff et al. [2] are the
available results provided in literature.

A. Step Function and Sharp Edge Gust

Let us consider a thin profilewith zero angle of attack immersed in
a uniform flow of velocityU. The profile is then submitted to a sharp
edge gust of uniform intensity wg (in the present work, the
simplifying hypothesis of wg �U, without loss of generality, was
considered) moving relative to the uniform flow with velocityUg. A
gust velocity ratio, such as follows, was set:

��U=�U�Ug� (7)

Fig. 2 Events sequence for subsonic flow: a) k� 1, b) k� 2, and c) k� N.
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The velocity at which the gust comes into the profile is the sum of
the velocitiesU and the relative gust velocity Ug; therefore, the gust
moves over the profilewith velocityU�Ug � ��1U. The boundary
condition over the profile is then given by the normal velocity over it,
which is the parts hit by the gust,Un � wg �U, and those still not hit
by the gust Un � 0. Figure 4 illustrates the gust problem.

Two typical cases of the gust velocity ratio, �, will be discussed.
When we have �� 0 (Ug !1), the solution of the problem results
from the resolution of the step function problem (in which, at an
instant t� 0�, the whole profile is submitted to the gust and,
similarly, to a sudden change in the angle of attack). And when
�� 1, which is called the classic sharp edge gust, the gust moves
together with the flow over the profile. Both solutions are known in
the literature as indicial responses and were already the object of
previous study by the authors [33].

B. One-Minus-Cosine Gust (1 � cos)

Consider a thin profile with a zero incidence angle immersed in an
environment with uniform velocity U. The profile is then submitted
to a gust of intensity U1�cos�s�, according to the profile called one-
minus-cosine. The profile one-minus-cosine discrete gust is defined
as

U1�cos�s� �
�

�U1�cos
2
�1 � cos�2�s

2H
��; 0 � s � 2H

0; s > 2H
(8)

where s denotes the dimensionless distance of gust penetration,

s�Ut=c. The intensity of the gust is defined by �U1�cos and, in the

present work, by U� �U1�cos. In airplane projects, the prescribed
values [25] for the gust intensity are 50 ft=s for altitudes between sea
level and 20,000 ft, decreasing to 25 ft=s at 50,000 ft.H denotes the
gust gradient, that is, the distance parallel to the axis of gust
displacement where gust intensity is maximum. A significant
number of H values must be used in projects to determine critical
values that maximize the profile (or airplane) load. For the problems
studied here, the following values were used: 2H� 5 and 25. The
results were compared with those of Zaide and Raveh [34], in which
the results for a one-minus-cosine gust were obtained from a process
of data convolution obtained by CFD for the sharp edge gust.
Figure 5 illustrates the problem of the one-minus-cosine gust.

C. Harmonic Movement

The present work studied the harmonic translation movement of a
thin profile in an environment with uniform velocity U, which
oscillates vertically with zero angle of attack according to function
h�t�, defined as follows:

h�t� � h0sen�wt� (9)

The oscillation frequency is defined by w� 2krU=c, where kr is
the reduced oscillation frequency. For the present work, the
following was used: h0 �U=2 and kr � �=5 (this value was used as
a reference only, because it implies a period equal to a minus-sine
gust). Figure 6 illustrates the harmonic translation movement.

D. Airfoil–Vortex Interaction

The AVI problem consists of studying the interaction of a vortex
convecting in a uniform compressible flow with velocity U under a
profile. The aerodynamic loads generated by this vortex under the
profile are studied. In the model studied, the vortex is considered to
be thrown 30 chords of distance ahead of the profile, with vortex
intensity gone through a dimensionless process by uniform flow and
chord of �=Uc� 0:2, and still, the vortex located down the 1=4c
profile. These valueswere chosen to allow comparisonwith the study
of Sitaraman and Baeder [27]. Figure 7 shows the AVI problem
schematic.

Because the vortex is thrown at a relatively large distance (in terms
of nonstationary effects) of the profile, 30c, the simplifying hypo-
thesis of incompressible vortex is considered; its effects at the initial
instants can be considered small and, when near the profile, it would
have already reached the steady flow. Figure 8 shows the vortex-
induced velocity that moves in the flow velocity to a position
30 chords ahead of its origin, that is, the leading edge of the consi-
dered AVI schematic. Figure 8 shows that, at this distance, the
compressible and incompressible vortex-induced velocities are the
same, allowing us to adopt the hypothesis of incompressible vortex
without mistakes. However, this fact constitutes a limitation of the
model in relation to the launching position of the vortex, and this
effect should be the aim of future studies. Still, because the model
considers the convecting vortex a theoretical vortex (Biot–Savart
[2]), it does not suffer deformation when near the profile; Lee and
Smith [35] studied this deformation.

Fig. 3 Numerical scheme considering time as an axis, showing the vortex lattice appearance.

Fig. 4 Sharp edge gust. Fig. 5 One-minus-cosine gust.
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In an analogous way, a velocity ratio, �, is defined for the sharp
edge gust of the same formulation and physical sense. The boundary
condition is given by the incompressible point vortex equation, in
such a way that normal velocity induced over the profile is given by

wv ��
�

2�

xv � x
�xv � x�2 � y2v

; �� 0:2Uc; xv � 30c

yv � 0:25c (10)

IV. Results and Discussion

The aerodynamic coefficients are presented and calculated
numerically for both flows, sub- and supersonic. Numerical results
are compared with the solutions available in the literature. For gust
studies, the results are comparedwith Leishman [26] andLomax [36]
for subsonic flow and with Lomax et al. [21] for supersonic flow, the
latter limited to �� 0 and 1 due to the lack of results contained in the
literature.

The aerodynamic coefficients of a profile subjected to one-minus-
cosine and minus-sine gusts calculated in the present study are
compared with the results of Zaide and Raveh [34] in the subsonic
regime; no reference for comparison was found for the supersonic
regime. The comparison of the results obtained by the lateral
harmonic movement is a suggestion for a future study; a good
reference is Timman et al. [37].

For the AVI study, our results are compared with the results of
Sitaraman and Baeder [27] in subsonic flow; no reference of the AVI
(or BVI) studies in supersonic flow was found.

Figure 9 shows the results obtained for a sharp edge gust with a
variable gust propagation velocity in sub- and supersonic flows
comparedwith other references. In the subsonicflow, the steady-state
values are obtained only asymptotically. The same is not true for the
supersonic flow. In fact, steady-state values are attained earlier as the
supersonic Mach number increases. The overall behavior exists due
to wave traveling, which is only in the downstream direction in
supersonic flow and in both directions in the subsonic flow. A strict
correspondence between both sub- and supersonic flows was
observed for the values obtained and the references.

Figure 10 shows, for the initial instants of the motion, the results
obtained in sub- and supersonic flows of the profile submitted to a
sharp edge gust with a variable gust propagation velocity. Curves of
the lift coefficient and the variation of the aerodynamic center of the
profile are presented. Two curves from the lift coefficient graphics are
noticed: �� 0:01 (using 0.01 for numerical limitation, intending to
show the behavior for �� 0) and �� 1, representing a sudden
change in the angle of attack and sharp edgegustmotions, the indicial
solutions found in the literature. It is verified that, as the coefficient �
varies from 0 to 2, a series of intermediate curves between the curves
for these coefficients are obtained. In subsonic flow, the lift
coefficient peak value is associated to the noncirculatory portion (or
impulsive) that tends to become extinguished, predominating the
circulatory portion in the following instants, when the continuous lift

growth is verified. From the lift curves, it can be observed that, as the
gust propagation velocity rises (an increase in �), the noncirculatory
portion peak is reduced and, at the same time, it lasts longer; this
behavior is clear for �� 2. The curves for supersonic flow show
similar behavior, for which an increase in � translates to a slower
circulation growth. Figure 10d shows the time variation of the profile
pressure center along the chord. In the subsonic case, the final
position of the pressure center is in the quarter of the chord from the
leading edge. In supersonic flow, the final position is at the halfway
point of the profile chord. It can be noticed that a rise in � implies a
longer time for the steady flow to be reached. Again, this behavior is
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Fig. 11 Distribution of the pressure coefficient jumpover the profile for
a sharp edge gust: a) subsonic flow (M � 0:5), and b) supersonic flow

(M � 2:0).
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Fig. 12 Comparison of the one-minus-cosine gust with Zaide and

Raveh [34].
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explained by the fact that a rise in � makes the circulatory portion
grow in a slower way, taking, therefore, longer until a steady state is
reached. A small oscillation in the curves is also verified in a higher
magnitude for higher �. This oscillation is numerically originated
and occurs due to an oscillation in the pressure coefficient jump
distribution curve over the profile (Hernandes and Soviero [33]), but
it is not meaningful enough to invalidate the results. The variation of
the pressure center must be taken into account in simplified versions
of the vortex lattice method, for which a unit discretization is used
along the chord, as in the Weissinger method.

Figure 11 shows an evolution of the pressure coefficient jump in
time over the profile. A line that begins at the origin and ends in
position Ut=c� � is clearly seen; this is the point at which the gust
has run the profile as a whole. Following this condition, in subsonic
flow, a predominant nonsteady region followed by a well-defined
standard region is noticed, in which practically only the growing
circulatory portion is observed. In the supersonic case, after the gust
hit the whole profile, there is a region of high gradients that
subsequently achieved steady flow; this is visible in the figures.

Figure 12 presents the gust results compared with the ones of
Zaide and Raveh [34], which corroborates our results. For those
specific gusts, a gust gradient of 2H� 25 was considered.

Figure 13 shows the results obtained for the sustentation
coefficient of the one-minus-cosine gust in the subsonic regime
considering a gust gradient of 2H� 5. The results are separated into
two parts, circulatory and impulsive, also called steady and unsteady,
respectively. The steady part is associated with the total circulation

present over the profile at the considered moment, and the unsteady
part is associated with the noncirculatory part, that is, the part that
appears immediately after the presence of a perturbation potential
velocity over the profile. It is noticed that the impulsive part is
responsible for the early occurrence of a sustentation over the profile,
because the circulation takes some time to be developed; the
difference offset between the total sustentation and circulation
sustentation is observed (the latter being late in comparison with the
total). A difference in phase between the circulatory and impulsive
parts is also noticed. This fact is also observed in the harmonic
motion, studied here and discussed later.

Comparative results of both gusts for various velocities are shown
in Fig. 14. It can beverified in both regimes (sub- and supersonic) that
the closer theflowvelocity is to the sound speed, the slower the return
to the original sustentation value.

Figure 15 shows the results obtained for the sustentation coeffi-
cient of a profile submitted to the harmonic translation movement
considering a gradient gust of 2H � 5. The phases offset between
the circulatory and impulsive parts are clear. This characteristic was
shown by Theodorsen [32], in which the circulatory part is a function
of the first time derivative and the impulsive part (noncirculatory) is a
function of the second time derivative. A peak of the impulsive
part in the beginning of the movement is also noticed. This behavior
is due to the fact that a profile starts in rest and instantaneously
begins the oscillatory movement. This characteristic, of an initial
sustentation jump, is observed in the step function (Hernandes and
Soviero [11]).
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Figure 16 presents the results for the harmonic movement for
various Mach numbers.

The results obtained for the AVI problem are shown in Figs. 17–
20. Figure 17 shows the lift coefficients obtained compared with the
values obtained by Sitaraman and Baeder [27], which corroborate
our results. A small divergence in the positive peak value is observed,
smaller for the values obtained via CFD and higher for the values
obtained from approximated functions; these latter use exponential
functions that normally cannot correctly translate the nonsteady
peaks that exist in regions dominated by impulsive portion, those
situated in regions next to the vortex position. It is possible to obtain a
small improvement in the curve, approximating the CFD curve in the
peak region, by raising the number of panels. Another point is that

Sitaraman and Baeder [27] used Scully’s [38] vortex-core model to
avoid a singularity at the center of the vortex. However, this small
difference is only noticed in the peak region and it also has a high
computational cost.

Figures 18 and 19 show the aerodynamic lift coefficients and the
evolution of the pressure center for sub- and supersonic flows for
several values of vortex propagation velocity. It is observed that the
higher thevalues are of� in subsonicflow, the lower the peaks are and
the longer it will take for the lift to return to its initial value, a fact
explained by the behavior that a rise in � implies a higher smoothing
of the impulsive portion and a slower growth of the circulatory
portion. In supersonic flow, this behavior is not so evident. Still, as
shown in Fig. 19, the time evolution of the profile pressure center

-15 -10 -5 0 5 10 15 20 25

-0.2

0.0

0.2

0.4

0.6

C
l α

, C
m

α

Clα
Cmα

x ∆
cp

Ut/c

-0.4

-0.2

0.0

0.2

0.4

0.6

x∆cp

M=0.5 λ=1

-15 -10 -5 0 5 10 15 20 25
-0.1

0.0

0.1

0.2

x ∆
cp

C
lα

, C
m

α

Ut/c

Clα
Cmα
x∆cp

0.2

0.3

0.4

0.5

M=2.0 λ=1

a)

b)
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Fig. 20 Pressure jump coefficient distribution over the profile for the

AVI problem for M � 0:5 and �� 1.
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obviously has its behavior directly affected by the vortex position
over the profile.

Variations in the time of the pressure jump over the profile are
shown in Fig. 20, with emphasis on the period during which the
vortex passes over the profile in which the change on the lift signal
occurs, highlighted by the inversion of the curves in the pressure
distribution.

V. Conclusions

The aerodynamic coefficients are presented and numerically
calculated for both sub- and supersonic flows. Numerical results are
compared with the solutions available in the literature. For the gust
study, the results are compared with Leishman [26] and Lomax et al.
[21] for subsonic flow and to Bisplinghoff et al. [2] for supersonic
flow, the latter limited to �� 0 and �� 1 due to the lack of results
contained in the literature. The results of the aerodynamic coefficient
of a profile subjected to one-minus-cosine and minus-sine gusts are
compared with the results of Zaide and Raveh [34]. For the AVI
study, the results are compared in subsonic flow with Sitaraman and
Baeder [27].

The results show the compressibility effects of these problems, as
well as how these motions are affected by the propagation velocity of
the gust or vortex. The study of the airfoil–vortex interaction is the
fundamental basis of studies on noise reduction of helicopters; this
study is necessary for the development of more silent rotors.

The numerical method used here is, in fact, a natural extension of
the compressible regime of the classical vortex lattice method in its
two-dimensional version; it is the first methodology to use a simple
numerical scheme to obtain forces and loads for an arbitrary motion
of a profile in the unsteady compressible domain. The main physical
difference is the finiteness of the disturbance propagations. The
correspondence between vortex and normal dipole panels with
constant density, as well as the concepts of bound and free vortices,
remains valid in both sub- and supersonic regimes and is an essential
feature of the numerical scheme.

Still, the present method obtained the results far faster (about
10,000 times faster) than if they had been obtained via CFD, and a
significant correspondence between the obtained values and the
references was observed; therefore, it is an excellent tool for a
preliminary project on aircraft and helicopters.
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